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Abstract
In this paper, we prove that if T  is a diskcyclic operator then the closed unit disk multiplied by the union of the numerical range
of all iterations of T  is dense in H. Also, if T  is a diskcyclic operator and |λ|  ≤  1, then T  −  λI  has dense range. Moreover, we prove
that if α  > 1, then 1
α
T  is hypercyclic in a separable Hilbert space H if and only if T  ⊕  αIC is diskcyclic in H ⊕  C. We show at least
in some cases a diskcyclic operator has an invariant, dense linear subspace or an infinite dimensional closed linear subspace, whose
non-zero elements are diskcyclic vectors. However, we give some counterexamples to show that not always a diskcyclic operator
has such a subspace.
© 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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An operator T  is called hypercyclic  if there is a vec-
tor x  ∈  H such that Orb(T,  x) =  {T nx  : n  ∈  N}  is dense
in H, such a vector x  is called hypercyclic  for T. The
notion of a hypercyclic operator comes from the much
older notion of cyclic operators. An operator is called
cyclic if there is a vector x  ∈  H such that the polynomial
multiples of x are dense in H. The first example of a
hypercyclic operator in a Banach space was constructed∗ Corresponding author.
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backward shift on the Banach space p(N) then λB  is
hypercyclic for any complex number λ  ; |λ|  > 1. This led
Hilden and Wallen [2] to consider the scaled orbit of an
operator. An operator T  is supercyclic  if there is a vector
x ∈  H such that COrb(T,  x) =  {λT nx  : λ  ∈  C,  n ∈  N}
is dense in H, where x  is called supercyclic  vector. For
more information on hypercyclicity and supercyclicity
concepts, one may refer to [3–5].
By Rolewicz example, a backward shift λB  is not
hypercyclic whenever |λ|  ≤  1. In the last case, we can
notice that even the multiplication of the closed unit
disk D  =  {x ∈ C  : |x|  ≤  1}  by the orbit of B  will not
be dense. Therefore, one may ask “Can the multiplica-
tion of the closed unit disk by the orbit of an operator bebehalf of Taibah University. This is an open access article under the
dense?” In 2003, Zeana [6] considered the disk orbit of
an operator. An operator T  is called diskcyclic  if there is
a vector x  ∈ H such that the disk orbit DOrb(T,  x) =
{αTnx : n  ≥  0,  α ∈ C,  |α|  ≤  1}  is dense in H, such a
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ector x is called diskcyclic  for  T. She proved that the
iskcyclicity is a mid way between the hypercyclicity
nd the supercyclicity.
ypercyclicity ⇒ Diskcyclicity ⇒ Supercyclicity
⇒ cyclicity.
ome of these cyclicity concepts have been extensively
tudied in many Banach spaces. For example, Salas gave
ecessary and sufficient conditions for weighted shift
perators to be hypercyclic or supercyclic in 2(Z), see
7,8].
For the Hardy space H2 (the space of all ana-
ytic functions having power series representations with
quare-summable complex coefficients), suppose that
z is an operator defined on H2 by
z(f  ) =  zf
t is not hard to show that the operator Mz is unitar-
ly equivalent to the unilateral forward shift F  on 2(N);
herefore, it cannot be hypercyclic since it is contraction.
lso, if z  ∈  H∞(U) (The set of all bounded holomor-
hic functions of U  =  open unit disk) then Mz cannot be
ypercyclic. However, the next example shows different
hings for M∗z .
xample  1.1.  [3] The adjoint multiplier M∗z is hyper-
yclic if and only if z  is non-constant and z(U) ∩  T /=  φ
here T is the unit circle.
From the above example, it immediately follows that
∗
z is diskcyclic if z  is non-constant and z(U) ∩  T /=  φ.
In 2014, Ye [9] proved that every invertible function
n Qp space with 0 < p  < 1 is cyclic, where Qp is the
anach space of all analytic functions on U  satisfying
f  ‖Qp =  sup
α∈U
(
∫
U
|f ′(z)|2(1 −  |φα(z)|2)pdm(z))
1/2
<∞
here 0≤  p < ∞  and dm(z) is the Lebesgue area measure
n U. More recently, Zhuo and Ye proved in [10] that a
nivalent function f in Qp spaces is cyclic if and only if
(z) /=  0 for all z  ∈  U  which gives a positive answer to
uestion 14 of [11] for the space Qp with 0 < p  < 1. One
ay ask if it is possible for a univalent function f  in Qp
paces to be diskcyclic. We may study this question in
urther papers.
In 2015, Bamerni and et al. [12] characterized all
eighted shifts operators that are diskcyclic which were
riginally discovered by Zeana [6].niversity for Science 9 (2015) 414–419 415
We recall the following facts from [12].
Theorem  1.2  (Diskcyclic Criterion). Let  T  ∈  B(H).
Assume that  there  exist  an  increasing  sequence  of  pos-
itive integers  {nk},  two  dense  sets  X,  Y ⊂  H and  a
sequence of  maps  Snk : Y →  H such  that:
1. lim
k→∞
‖T nkx‖‖Snky‖  =  0 for  all  x ∈  X,  y  ∈ Y.
2. lim
k→∞
‖Snky‖  →  0 for  all  y  ∈  Y;
3. T nkSnky  →  y  for  all  y  ∈  Y.
Then  T  has  a diskcyclic  vector.
Proposition  1.3.  Let  T,  S  ∈ B(H) such  that  ST  = TS
and R(S) is  dense  in  H.  If  x  ∈ DC(T  ),  then  Sx  ∈ DC(T  ).
Proposition 1.4.  If  x is  a  diskcyclic  vector  of  T,  then
Tnx is  also  a  diskcyclic  vector  of  T  for  all  n  ∈  N.
Corollary  1.5.  If  T  is a diskcyclic  operator  on  a  Hilbert
space H,  then  the  set  of  all  diskcyclic  vectors  for  T  is
dense in  H.
Proposition  1.6.  Let  T  ∈ DC(H).  Then  T* has  at  most
one eigenvalue  and  that  one  has  modules  greater  than  1.
Corollary  1.7.  A  multiple  of  a unilateral  backward  shift
on 2(N) is  hypercyclic  if  and  only  if  it  is  diskcyclic.
In this paper, all Hilbert spaces are infinite dimen-
sional (unless stated otherwise) separable over the field
C  of complex numbers. The set of all diskcyclic opera-
tors in a Hilbert space H is denoted by DC(H) and the
set of all diskcyclic vectors for an operator T  is denoted
by DC(T  ).
This paper consists of three sections. In section two,
we show that if an operator T is diskcyclic, then the
closed unit disk multiplied by the union of the numerical
range of all iterations of T  is dense in C. We show that
T −  λI  has dense range for all λ  ∈  C; |λ|  ≤  1 whenever
T is diskcyclic. We give a relation between a hypercyclic
operator on a Hilbert space H and a diskcyclic operator
on the Hilbert space H ⊕  C. In particular, we show that
if α  > 1, then 1
α
T is hypercyclic if and only if T  ⊕  αIC is
diskcyclic. Moreover, we give another diskcyclic crite-
rion with respect to a sequence {λnk }; |λnk |  ≤  1, which
is equivalent to the main diskcyclic criterion Theorem
1.2.In section three, we show that if T  is a diskcyclic
operator and σp(T*) = φ, then T  has an invariant, dense
subspace whose non-zero elements are diskcyclic vec-
tors for T. However, we give the Example 3.3 to show
ibah U416 N. Bamerni, A. Kılıc¸man / Journal of Ta
that not every diskcyclic operator must have such a sub-
space. Moreover, we show that in some cases a diskcyclic
operator may have an infinite dimensional closed sub-
space whose non-zero elements are diskcyclic vectors
for T. Particularly, we define the condition B1 and use
it to show that whenever a diskcyclic operator satisfies
the condition B1 and diskcyclic criterion, then there is
an infinite dimensional closed subspace whose non-zero
elements are diskcyclic vectors for T. In a parallel with
supercyclic operators, we show that if an operator sat-
isfies the diskcyclic criterion and there is a normalized
basic sequence un goes to zero as n  goes to infinity, then
there is an infinite dimensional closed subspace whose
non-zero elements are diskcyclic vectors for T. However,
Example 3.8 shows that not every diskcyclic operator has
such a subspace.
2.  Diskcyclic  operators
To prove our first result we need the following lemma
Lemma 2.1.  A  vector  x ∈  DC(T  ) if  and  only  if x‖x‖ ∈
DC(T )
Proof. The proof is clearly follows from the fact
DOrb
(
T, x‖x‖
)
= 1‖x‖DOrb(T,  x) 
The numerical range of an operator T  is defined as
ω(T) = {〈Tx, x〉  : ||x||=1}.
Theorem  2.2.  Suppose  that  T  ∈ DC(H).  Then
1. D
⋃∞
n=0〈T nx,  x〉  is  dense  in  C  for  all  vectors  x ∈
DC(T  ).
2. D
⋃∞
n=0ω(T n) is  dense  in  C.
Proof.  (1): Let x  ∈  DC(T  ) and λ  ∈  C. By Lemma 2.1
we can suppose that ||x||=1. Since λx  ∈  H, then there
exist an increasing sequence nk of non-negative integers
and a sequence αk ∈  C; |αk|  ≤  1 such that
‖αkT nkx −  λx‖  <  
Now,
|〈αkT nkx,  x〉  −  λ|  =  |〈αkT nkx,  x〉  −  λ〈x,  x〉|
=  |〈αkT nkx  −  λx,  x〉|  ≤  ‖αkT nkx −  λx‖‖x‖  ≤  
It follows that {D〈T nx,  x〉  : n  ≥  0}  is dense in C.
(2): Let x ∈  DC(T  ) with ||x ||=1 then by0 0
(1), {D〈T nx0,  x0〉  : n  ≥  0}  is dense in C. Since
D
⋃∞
n=0ω(T n) =  D{〈T nx,  x〉  : ‖x‖  =  1 and n ≥  0}. It
follows that D
⋃∞
n=0ω(T n) is dense in C. niversity for Science 9 (2015) 414–419
Proposition  2.3.  If  T  ∈  DC(H) and  λ  ∈  C; |λ|  ≤  1,
then T  −  λI  has  dense  range.
Proof. Suppose that the range of T −  λI  is not dense
in H, then there exists x0 ∈  DC(T  ) such that x0 /∈
(T  −  λI)H; otherwise (T  −  λI)H would be dense by
Corollary 1.5. By the Hahn Banach Theorem there
exists a continuous linear functional f  on H such that
f(x0) /=  0 and f  ((T  −  λI)H) = {0}. Then for all x  ∈
H, f (Tx) =  λf  (x) and so f(Tnx) = λnf(x) for all n  ∈  N.
In particular, f(Tnx0) = λnf(x0). Since x0 ∈ DC(T  ), then
there exist nk→  ∞  and αk ∈ C; |αk|  ≤  1 for all k  ∈  N
such that αkTnkx0 →  2x0; therefore αkf(Tnkx0) →  2f(x0)
and hence αkλnk f(x0) →  2f(x0). However, since |λ|  ≤  1
and f(x0) /=  0, then αk should be greater than 1 for some
k ∈ N  which is contradiction. 
By [13, p. 38], σp(T*) = 	(T) where 	(T) is the
compression spectrum of T; i.e, the set of all com-
plex numbers λ  such that the range of T −  λI  is not
dense. Now, if T ∈  DC(H) and λ  ∈  σp(T*), then by the
last proposition |λ|  > 1, which gives another proof of
Proposition 1.6.
Theorem  2.4.  If  T  ∈ B(H) and  α  is  a  real  number  such
that α > 1,  then  the  operator  S  =  T  ⊕  αIC ∈  B(H ⊕  C)
is diskcyclic  if  and  only  if 1
α
T  is  hypercyclic.
Proof.  Let z be a hypercyclic vector for 1
α
T  , we will
show that z  ⊕  1 is diskcyclic vector for S. Let w  ⊕  λ
be an arbitrary vector in H ⊕  C  with λ /=  0. Since 1
α
T
is hypercyclic, then there exists an increasing positive
sequence {nk} such that
‖
(
1
α
T
)nk
z  − 1
λ
w‖  →  0 as  k  →  ∞
Therefore,
‖λ
(
1
α
)nk
Snk (z  ⊕  1) −  w  ⊕  λ‖  →  0 as  k  →  ∞
and since α > 1, then λ( 1
α
)nk <  1 as k→  ∞.
If λ = 0, then we can find a sequence {nk}  such that
‖
(
1
α
T
)nk
z  −  kw‖  →  0 as  k  →  ∞
and then
‖1
k
(
1
α
)nk
Snk (z  ⊕  1) −  w  ⊕  0‖  →  0 as  k →  ∞
and it is clear that ( 1
k
)( 1
α
)nk < 1. Therefore, z  ⊕  1 is adiskcyclic vector for S.
For the other side, since S  is diskcyclic then it is super-
cyclic and the proof follows directly from [14, Theorem
5.2]. 
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orollary  2.5.  If  α  is  a  real  number;  α  > 1 and  c  ∈ C,
hen z  ⊕  c  ∈  DC(T  ⊕  αIC) if  and  only  if  z  ∈  HC(T).
heorem  2.6.  Let  T  ∈  B(H),  suppose  that  there  exist
n increasing  sequence  of  positive  integers  {nk},  a
equence {λnk }  ∈  C\{0}  such  that  |λnk |  ≤  1 for  all  k  ∈
, two  dense  sets  X,  Y  ⊂  H and  a sequence  of  maps
nk : Y  →  H such  that:
. ‖λnkT nkx‖  →  0 for  all  x ∈  X;
. ‖ 1
λnk
Snky‖  →  0 for  all  y ∈  Y;
. T nkSnky →  y  for  all  y ∈  Y.
hen there  is  a  vector  x  such  that  {λnkT nkx}  is  dense  in
. In  particular,  x  is  diskcyclic  vector  for  T.
roof. The proof follows by Hypercyclic Criterion [3,
efinition 1.5]. 
If the assumptions of the above theorem hold, we say
hat T satisfies the Diskcyclic Criterion for the sequence
λnk }.
roposition  2.7.  If  T  satisﬁes  the  Diskcyclic  Criterion
or the  sequence  {λnk },  then  T  also  satisﬁes  the  Diskcyclic
riterion for  the  sequence  {αnk }  where  |
αnk
λnk
| →  0.
roof. Let X, Y  be two dense sets and S  be the right
nverse to T, then there exists a small positive number 
nd a large positive number J such that ‖λnkT nkx‖  ≤  
nd ‖ 1
λnk
Snky‖  ≤    for all k  > J. Since |λnk | ≤ 1 for all
 ∈  N  and |αnk
λnk
| →  0, then we may assume that αnk =
λnk . it follows that |αnk | ≤  1 and the proof follows.
roposition  2.8.  Both  diskcyclic  criteria  are  equiva-
ent.
roof. If T  satisfies the diskcyclic criterion with respect
o the sequence {λnk }, then it is clear that the condi-
ions (1) and (3) of Theorem 1.2 are satisfied. Now since
1
λnk
Snky‖  →  0 for all y  ∈  Y  and 1 ≤  | 1λnk |    0, then the
ondition (2) of Theorem 1.2 holds.
Conversely, suppose that T  satisfies the diskcyclic cri-
erion. Fix an x ∈  X  and y  ∈ Y  then there exist a small
ositive number   such that
T nkx‖‖Snky‖  ≤  2,
nd
Snky‖  ≤  .niversity for Science 9 (2015) 414–419 417
Define
λnk =
1

Snky,
It follows that |λnk |  ≤  1 and | 1λnk |‖S
nky‖  =   <  1 for a
small positive integer 1. Furthermore,
‖T nkx‖‖Snky‖  =  ‖T nkx‖|λnk |  ≤  2,
Thus
|λnk |‖T nkx‖  <   <  1.
which completes the proof. 
3.  Subspaces  of  diskcyclic  vectors
Deﬁnition  3.1.  Let T  ∈  DC(H) and let A  be a linear
subspace of H whose non-zero elements are diskcyclic
vectors for T, then A  is called diskcyclic subspace for T.
Theorem 3.2.  Let  T  ∈  DC(H) and  σp(T*) = φ,  then  T
has an  invariant,  dense  diskcyclic  subspace.
Proof.  Let x  ∈ DC(T  ) and A  =  {p(T  )x  :
p ispolynomial}. It is clear that A  is a linear sub-
space of H, invariant under T, and dense in H since it
contains DOrb(T,  x). If the polynomial p  is non-constant
then, p(T) = a(T−  μ1)(T  − μk) .  . ., where a  /=  0 and
μ1,  .  .  ., μk ∈  C. Since σp(T*) = φ, each operator T  −  μi
has dense range; hence p(T) also has dense range.
Moreover, it is clear that p(T) commutes with T, then by
Proposition 1.3, p(T  )x  ⊂  DC(T  ) that is every element
in A  is a diskcyclic vector for T. 
If T  satisfies the diskcyclic criterion, then T  satis-
fies the supercyclic criterion. Therefore σp(T*) = φ by
[15, Proposition 4.3]. It follows that if T  satisfies the
diskcyclic criterion, then by the last theorem; T  has an
invariant, dense diskcyclic subspace.
The next example shows that not all diskcyclic oper-
ators have diskcyclic subspaces.
Example  3.3.  Let 12T  be hypercyclic operator on a
Hilbert space H with a hypercyclic vector x. Then by
Theorem 2.4, T  ⊕  2I  is a diskcyclic operator on H ⊕  C
with a diskcyclic vector x ⊕  1. By Corollary 2.5, we
can see that x ⊕  2 ∈  DC(T  ⊕  2I). Suppose that A  is a
diskcyclic subspace for T ⊕  2I. Since (T  ⊕  2I)(x  ⊕  1) ∈
DC(T ⊕  2I) by Proposition 1.4 and since A  is a sub-
space, then
x  ⊕  2 −  (T  ⊕ 2I)(x  ⊕  1) =  (x  −  Tx) ⊕  0 ∈ A
ibah U
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however, it is clear that (x  −  Tx) ⊕  0 /∈  DC(T  ⊕  2I).
Therefore, there is no subspace whose non-zero elements
are diskcyclic vectors for T  ⊕  2I.
Not only a diskcyclic subspace can be dense and
invariant, sometimes it can be infinite dimensional
closed. In that cases, we say that T ∈ DC∞(H).
Montes-Rodríguez and Salas [15] defined the condi-
tion B0 to find a sufficient condition for an operator to
have an infinite dimensional closed subspace of super-
cyclic vectors. In parallel with supercyclicity, we define
the condition B1 and use it to find a sufficient condition
for an operator to be in DC∞(H).
Deﬁnition  3.4.  Let T ∈  B(H). Suppose that T satisfies
the Diskcyclicity Criterion with respect to a sequence
{λnk }. If there is an infinite dimensional closed subspace
B1 ∈  H such that ‖λnkT nkz‖  →  0 for every z  ∈  B1, then
we say T satisfies Condition B1 for the sequence λnk .
Theorem 3.5.  Let  T  ∈  B(H).  Suppose  that  T satisﬁes
the Diskcyclicity  Criterion  with  respect  to  a  sequence
{λnk }. If  one  of  the  conditions  below  satisﬁes,  then  T  ∈
DC∞(H).
1. T  satisﬁes  condition  B1;
2. There  is  an  inﬁnite  dimensional  closed  subspace  A  ∈
H such  that  ‖λnkT nkz‖  is  bounded  for  all  z  ∈  A.
Proof. The proof of (1) follows directly from Theorem
2.6 and [16, Theorem 2.2].
For part (2), Suppose that T  satisfies the Diskcyclicity
Criterion with respect to a sequence {λnk }  and there is a
positive real number M  such that ‖λnkT nkz‖  <  M  for all
z ∈  A  and k  ∈  N. By Proposition 2.7, we have T  satisfies
the diskcyclic criterion with respect to the sequence {αnk }
where |αnk
λnk
| →  0. Therefore, we have
‖αnkT nkz‖  =  |
αnk
λnk
||λnk |‖T nkz‖  ≤  |
αnk
λnk
|M  →  0
Thus, we can say that T  satisfies condition B1 and hence
the proof is finished. 
Proposition  3.6.  Let  T  ∈ B(H).  Suppose  that  T  satis-
ﬁes the  Diskcyclicity  Criterion  and  there  is  a  normalized
basic sequence  {um}  such  that  lim
m→∞Tum =  0,  then  T  ∈
DC∞(H).Proof.  The proof is similar to that given in [15,
Corollary 3.3]. Since there is no restriction on the
sequence {λnk }  of scalars, we may suppose that |λnk | ≤  1
for all k  ∈  N. 
[niversity for Science 9 (2015) 414–419
The proof of the following corollary follows directly
from Theorem 2.4
Corollary  3.7.  Suppose  that  α  ∈  R  and  α  > 1,  then  the
operator S  =  T  ⊕  αIC ∈  B(H ⊕  C) has  inﬁnite  dimen-
sional closed  subspaces  of  diskcyclic  vectors  if  and only
if 1
α
T  has  an  inﬁnite  dimensional  closed  subspace  of
hypercyclic vectors.
The following example shows that not every
diskcyclic operators belong to DC∞(H)
Example  3.8.  Let λ  be a complex number of modulus
greater than 1 and B be the unilateral backward shift oper-
ator. Since λB  is hypercyclic if and only if it is diskcyclic
(by Corollary 1.7), then
1. there exists an invariant, dense linear subspace of
diskcyclic vectors for λB  [17, p. 8]
2. all closed subspaces of diskcyclic vectors for λB  are
finite dimensional [16, Theorem 3.4].
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